The only existing theory o f atmospheric turbulence which is capable of giving a quantitative approach to the complex problems of diffusion in the lower atmosphere is the classical theory in which it is generally assumed that the effect o f eddies in the atmosphere is com pletely analogous to that of molecules in a gas apart from a difference o f scale. This assumption, which later evidence has shown to be incorrect, is not essential to the theory, and in the present paper is replaced by the assumption that the m ixing length of an eddy increases w ith both height above and nature of the earth's surface. W ith this assumption a self-consistent treatm ent of diffusion is developed which is able to account quantitatively for such meteorological phenomena as the distribution o f water vapour over land and sea (including evaporation from the oceans) and the diffusion of smoke near the ground. The treatm ent is m ainly confined to diffusion in an adiabatic atmosphere.
I n t r o d u c t i o n
The classical treatm ent of diffusion in the atmosphere, which is largely due to Taylor and Richardson in England and Schmidt in Austria, showed th at it was possible to give a rational explanation to many of the complex problems of diffusion in the atmosphere by replacing the molecular coefficient of diffusion of the order of 10-1 cm.2/sec. by a virtual coefficient of diffusion of the order of 103-105 cm.2/sec. The first and natural assumption th at the virtual coefficient was a constant was unsatisfactory and measurements of K , the virtual coefficient of diffusion, showed th at in the lowest few hundred metres above the earth's surface it increased rapidly with height, being of the order of 10_1 cm.2/sec. a few cm. above the ground and increasing to 104-105 cm.2/sec. at 300-500 m. above the ground.
In the first section of the present paper a semi-empirical expression is obtained for K , and in subsequent sections with the aid of this expression solutions of the equations of eddy diffusion and the equations of motion with given boundary conditions are obtained which are self-consistent and which are in good agreement with observations. In the absence of a satisfactory dynamical theory of turbulence* it is probable that this method of attack gives the most profitable approach to the complex problems of diffusion near the earth's surface.
. T h e d e r i v a t i o n o f t h e p o w e r l a w s
Let V be the mean velocity of the air at a height z above the surface of the earth and p the density of the air.
According to Prandtl's development of Taylor's theory the coefficient of eddy diffusion may be written "
K = p i Z '
* F o r a good general ex position of th e p rese n t p o sitio n o f th e th e o ry o f tu rb u le n c e see G o ld stein (1938), a n d for its ap p lica tio n in m eteorology, B r u n t (1939). and t, the eddy shearing stress, by where li s a length of somewhat indefinite nature which he defines as the mean vertical distance traversed by an eddy before it mixes with its environment.
Owing to the lack of knowledge of the dynamical processes involved in the motion of an individual eddy from one layer to another it is not possible to derive a theoretical expression for l in terms of measurable quantities. Observations of pipe flow, how ever, suggest th at l is independent of the velocity and depends only upon the distance from the nature of the boundary surface.
Rossby & Montgomery in their work assume th at over a rough surface and in an adiabatic atmosphere l can be represented by
where a is a non-dimensional constant and z0 is a length proportional to the mean height of the surface irregularities. This particular expression for l leads to difficulties when dealing with the differential equations involved in the problems of turbulent transfer near the earth's surface, and furthermore, observations of flow in tubes by G. I. Taylor, Goldstein and others, show th at the so-called constant a decreases with increasing distance from the boundary.
In the present paper, as a working hypothesis, it will be assumed th at over a rough surface l = zx~mz%, (2-3)
where mi s a non-dimensional constant and z0 is a length characteristic of the degree of roughness of the surface. For l to increase with both height above and roughness of the surface it follows th at m must lie between 0 and 1. Equation (2*3) gives for K and r dV K = z2-2mz2m__) (2-4)
Now Ertel (1933) has shown that in the lowest 100 ft. or so of the atmospheie rjp is very nearly a constant, and hence, taking the square root of (2-41) and integrating, one obtains if V and z vanish together, or (2) (3) (4) (5) where Vh is the mean velocity measured at a standard height h. Observations by many investigators (summarized by Carruthers 1943) have shown that the variation of wind with height near the surface of the earth can be expressed by a power law such as (2*51), where m can have any value between 0 and 1 and appears to be mainly, if not entirely, a function of the stability. Thus when the lapse rate* is very large and negative m tends to 0 and when there is a large inversion mt ends to the value 1. Under conditions of thermal equilibrium in wind tunnels m = j approximately, and the same is .true in the atmosphere. W ith strong winds M. A. Giblett's observations at Cardington indicate th at = apparently irrespective of the lapse rate.
Thus, write
K -mz1 ~mzlmVhh~m, (2*6) and for purposes of computation take m -For comparison, observations made only when the winds are moderate or strong will be used. Rossby, from wind measurements by W ust (1920) at different heights above the sea, found with moderate and strong winds, when the sea has the character of a rough surface, th at r, the shearing stress, could be represented by r = 2-6 x 10-3/oFf, (2*7)
where Vh was measured at a height of 15 m. Ekman derived a similar result as early as 1905 by an entirely different approach. If (2-7) and (2-61) be identified it can be seen th at where Vh was measured at a height of 30 m. above the ground.
If this be identified with (2*61) a value of 2-6 cm. is obtained for z0.
(2-81) K in (2-6) was derived as a coefficient of eddy viscosity. Observations by Sverdrup (1936) of wind velocities, temperatures and vapour pressures at various heights over a snow surface, however, show th at the coefficients of eddy viscosity, eddy diffusivity and eddy conductivity obey the same power laws, and hence in sub sequent sections this expression for K will be used as a general coefficient of diffusion.
T h e e v a p o r a t i o n p r o b l e m
I t is assumed that the water surface is flush with the ground over which the air stream has been passing, and th at the moisture content of the air initially over the land is invariant with height. Let y be the quantity of water vapour per unit volume of air in excess of th a t present in the air stream before it reaches the water surface, and let x be measured downwind from the windward edge of the water surface. Neglecting horizontal diffusion, the equation stating th a t advection and diffusion balance is which may be written where a = mzjjm. I t is assumed th at evaporation takes place in such a way th at a constant, over the water surface, i.e. over the area for which 2 = 0 and x is positive.
Examination of the dimensions of the terms in (3-12) suggests th at it should be possible to obtain for th at equation a solution in which y is a function of the variable l defined by 2m+1 £ = .
(3-2) ax Denoting differentiation with respect to £ by dashes, such a solution must satisfy
The first integral of this equation is
where Gi s a constant. Now £->oo both when x^-0 and when z-> oo. In either case x is be zero. I t follows th at all the conditions of the problem are satisfied by the solution = 10~3 a n d 6 = 10-1. I t will be seen th a t CD on curv e A co rresponds to C'D' on cu rv e B.
* T h e ab o v e solu tio n w as co m m u n icated to M r O. G. S u tto n ea rly in 1934 a n d la te r in th e sam e y e a r to th e la te D r F . J . W . W hipple, w ho show ed b y a p rev io u sly u n k n o w n id e n tity t h a t S u tto n 's solu tio n (w ith tw o e r r a ta corrected) could be red u ced to th e ab o v e form . T h e id e n tity involved is j :
Since with w = y and z0 = 1 cm. and therefore q _ x 49 x 7 _ 4*23z8 1 x a; x it is a simple m atter with the aid of table 1, or figure 1, to find the increase of water vapour at any given height above the sea surface after any specified distance of travel. For example, with initially dry air, the relative humidity at a height of 1-2 m. (4 ft.) above the surface of the sea would be 62 % when 0 -10~4 or when x = 4-23 x (120)7 x 104 = 198 km.
Similarly, from figure 1 the relative humidity would be 70 % when x = 4-23 x (120)* x 104 x 9 = 1800 km.
N.B. I t should be noted th at with moderate and strong winds the increase of water vapour depends only upon the length of sea track and is independent of the wind speed.
The rate at which water vapour is carried away by the air stream can readily be derived from (3-4), for
and hence e(x), the rate of evaporation per unit area at a distance x from the land, is given by ,
By integrating the right-hand side of (3-61) with respect to x it is found th at the rate of evaporation from a surface of unit breadth and of length x0 downwind is given by 2m4-2 m-fl m-f 1 E = ( + 1 )2m+1 x02m+1 q2wt+1 Vh For small values of 0, (3*52) is to a high order of approximation given by m Q2m+1 (3-7)
and so
Eliminating x between (3-61) and (3*71) we have
or writing m = j, z0 = 1 cm. and h -15 m.
where p w and p h are the vapour pressures at the surface of the sea an h = 15 m. respectively. Thus the empirical formula E = where Jch is a constant, suggested by many writers for use with moderate and strong winds, can be derived theoretically and a numerical value of the constant obtained.
As an illustration of the use of these equations, consider the evaporation from a large belt of water approximately 5000 km. in length, and with a surface temperature of 49° F, into a turbulent atmosphere in which the mean wind speed a t a height of 10 m. is 7 m./sec. The air will be assumed to have initially a mean moisture content of 6-3 g./cu.m. These figures represent approximately the mean annual values over the Atlantic Ocean between latitudes 50 and 55° N. According to equation (3-63) the mean rate of evaporation in mm. per day is 2-85 x 10-2 x 700 x (1000)-* x (5 x 108)~i x (909 -6-3) x 10~6 x 3600 x 24 x 10
The value of p, the moisture content at a height of 4 ft. above the surface sea crossing of 5000 km., is readily obtained, for with z -120 cm.,
-5 x 108 cm. and z0 = 1 cm., 0 -4-1 x 10-6, and hence from table 1
Therefore, p = 8-3 g./cu.m. Wust (1920) gives the following values of the mean rate of evaporation from the Atlantic Ocean: = 1-87 mm./day. p -6-3 73 9 0 9 -6 -3 100' latitude 50-60° N : TO mm./day, latitude 40-50° N : 1*8 mm./day. Bilham (1938) gives the mean moisture content at Valentia as 8-3 g./cu.m. and a t Falmouth as 8-2 g./cu.m. Thus the observed annual values are in very good agree ment with the calculated values.
X could equally well have been taken to represent the increase of potential tem perature of the air over th a t initially in the air stream before it reaches the water surface provided th a t the potential temperature of the air initially was invariant with height.
More generally, since 0 , the potential temperature of the air (o content of the air) over the land surface, initially satisfies (in the steady state)
Turbulence and diffusion in the lower atmosphere is the solution of the differential equation (3-12), which satisfies the more general boundary conditions.
The following examples taken from the Daily W eather Reports serve to illustrate and confirm the above theory. Thus on 26 March 1939:
' The temperatures of the air a t Skagen and Blaavands Huk in Denmark were 32 and 31°, respectively, and the dew-point at both stations was 26° F. The temperature of the North Sea from ships' observations was 43° F. The temperature of the air reaching England was 38° F at Spurn and 39° F at Gorleston and the dew-point of the air had risen to 37° F . ' From figure 1, taking the height above sea surface as 120 cm. and the sea track 600 km., the temperature should have been 31*+ 0-63(43 -32) = 38*. Now a dew-point of 26° F corresponds with a moisture content of 3-8 g. water vapour/cu.m., and a dew-point of 43° F corresponds with 7-3 g./cu.m. Thus the final moisture content should be 3-8 + 0-63(7-3 -3-8) = 6-0 g./cu.m.
which corresponds to a dew-point of 37° F.
R. Frost
On 10 December 1936: 'The air temperature on the English coast was 33°F, whilst the temperature of the sea from ships' observations was 47° F. The temperature of the air on arrival in Norway was 41° F .' According to the above theory the temperature should have been 33°+ 0-63(47-33) = 42° F. On 15 December 1936: 'The air temperature leaving Scotland was 36° F. The sea temperature from ships' observations was 47° F, and the air temperature on the Norwegian coast on the 16th was 43° F . ' According to the present theory the final temperature should have been 36° + 0-63(47 -3 6 ) = 43° F.
From the meteorological aspect the corresponding problem of the distribution of water vapour in an air stream which, after flowing over the sea, flows over a dry surface, is of equal importance. This problem, however, is complicated by the fact th a t in general the roughness parameter of the land is greater than th a t of the sea, and th at K in consequence changes when the air passes from sea to land. An exact solution may be obtained for the particular case in which the roughness parameters of the land and sea are the same, and is given in § 4. I t is not easy to obtain an exact solution of the more general problem, but in § 5 an approximate solution of this is given, which is sufficiently accurate for all practical purposes and which is very suitable for computation.
An i n f i n i t e l i n e s o u r c e
The problem of the distribution of m atter in an air stream due to an infinite line source flush with the ground and a t right angles to the air flow, which is continuously emitting, is of considerable importance both from a theoretical and practical aspect.
Let x be measured downwind from the line source and vertically upwards from the ground,.and let y be the density of suspended m atter in g./cu.m. A solution is therefore required of the dimensional equation Thus the concentration of smoke downwind at the ground should vary as a; 2m+1 or with m = \as ar-0 '8 9 . From (4-6) it can be seen that the distribution of smoke with height at a distance x downwind is given by
( 4'7) or with m = \ and = 2*6 30 R. Frost
The height of a smoke cloud is usually defined as the height a t which the con centration of smoke has fallen to one-tenth of the concentration a t the ground. Thus equating the exponential term to loge 10, then 2*3 = 3*223zf x (4*8)
Thus at a distance of 100 m. downwind from the line source the height of a smoke cloud is 2 = 9*97 m., i.e. approximately 10 m., and at a distance of 2000 m. z = 100 m. Observations by the meteorological staff a t a Ministry of Supply Experimental Station confirm these results. Thus they found th a t the concentration downwind over land with an adiabatic lapse rate varied as x~0'9, and the height of a smoke cloud a t a distance of 100 m. from a line source was 1 0 m., irrespective of the wind speed.
O. G. Sutton (1932) has given a different expression for the distribution of m atter in an air stream due to an infinite line source which is continuously emitting, i.e. 1 
Bx X = ----17-exp

Lb
C2x1+pj
where B and C are constant for any given value of p, and does not vary with height.
Unlike (4*6) this expression was not obtained as a unique solution of the differential equation with appropriate boundary conditions, but was an expression selected arbitrarily to comply with certain boundary conditions. It can be seen, however, th at this expression is a solution of the two-dimensional equation of eddy diffusion dx dz\ j with the usual boundary conditions providing
An expression for K , however, which is constant with height and which increases with distance downwind from the line source, does not accord with observation.
An exact expression for the distribution of water vapour in an air stream which after passing over a water surface passes over a land surface whose roughness parameter is the same as th at of the sea may now readily be obtained.
For this problem x is measured downwind from the windward edge of the w»ter surface whose length downwind is b ( xi s accordingly g The evaporation a t a distance A downwind over the sea is, by (3-61), where A is given by
The amount of vapour per unit volume at a height and a t a distance x due to a strip of water of length dX downwind evaporating at a rate given by (4-9) is, by (4-6),
The amount of vapour a t a distance x downwind due to a sea track of length b is obtained by integrating this expression with respect to A between the limits 0 and
This form, which only applies to a special and rather artificial case, is not suitable for computation and is only given here for the sake of completeness. An approximate solution which is suitable for computation is given in the next section. As an illustration of the use of this table consider our earlier example in which air with an initial moisture content of 6-3 g./cu.m. flows over the Atlantic Ocean a distance of 5000 km., the surface temperature of the water being 49° F and the mean wind a t a height of 10 m. being 7 m../sec.
After a further passage of 500 km. over land the moisture content a t the ground should, from table 2, be given by /f-6 -3 = 0-24 [9-09 -6-3] or [i = 6-96 g.
The mean moisture content of the air a t Kew Observatory given by Bilham is 7-4 g./cu.m., which is not in good agreement with this calculated value.
Further consideration will be given to this problem in the following section, in which the degree of roughness of the land will be taken into account.
. T h e d i s t r i b u t i o n o f w a t e r v a p o u r i n a i r w h i c h a f t e r PASSING OVER THE SEA FLOWS OVER THE LAND
From (3-7) the distribution of water vapour with height after a sea crossing of length bi s to a high degree of approximation given by 
and a solution of (5-4) is required subject to the boundary conditions (It is assurr ad th at the land is a dry surface impermeable to water vapour.) As in § 3, an examination of the dimensions of the terms of (5-4) suggests th at it should be pos? ble to find a solution S = /(#), where clearly satisfies all the conditions of (5-4),
and hence, integrating by parts, it is seen th a t
is the required solution.
Or writing = then 
For small values of 6( 5-71) becomes
which is suitable for computation. The problem of the previous section may now be reconsidered, in which air with an initial moisture content of 6*3 g./cu.m. flows over the Atlantic Ocean a distance of 5000 km., the surface temperature of the water being 49° F, and the mean wind speed a t a height of 10 m. being 7 m./sec.
On reaching the English coast the amount of water vapour per cubic metre of air a t a height of 1*2 m. above the surface has been shown to be 8-3 g./cu.m.
After a further passage of 500 km. over the land the amount of water vapour per cubic metre of air at a height of 1*2 m. above the surface would be, from (5*8), W ith z01 = 2*6 cm., which is the value derived from Taylor's observations of the shearing stress, R e f e r e n c e s Stockh., 1920, n o . 3. Contributions to the theory of chrom atography B y E . G l u c k a u f ( Communicated, by E. J . Bowen, M.A., F.R.S.-Received 6 June 1945) A complete analysis has been given o f the process o f chromatographic separation for two solutes, the adsorption of which follows a Langmuir isotherm. D evelopm ent of the bands, both w ith pure solvent and w ith a solvent containing another solute, has been discussed. Very simple conditions were found to hold for both the volum e o f solvent and the amount of adsorbent required for complete separation o f the two solutes. Provided that the concentra tions used are not too low-which is unfavourable-the influence o f the initial concentrations is very small. For substances difficult to separate, the minimum amount o f adsorbent X 0 (in g.) is proportional to the quantities to be separated (m1 + m2) (in mol.), and inversely to the saturation capacity o f the adsorbent (1 /ft) (in m ol./g. adsorbent) and to the square of the relative difference o f the adsorption coefficients (ax and a2) o f the solutes X 0 = approxim ately J3(m1 + m2)/(a2/a1 -l ) 2. The accurate equations are given in the paper.
The main contributions to the theory of chromatography have been made by Wilson (1940 ), by de Vault (1943 and by Weiss (1943) .
Wilson was the first to develop the differential equations governing the process of chromatography, but, as both de Vault and Weiss have shown, these equations are capable of more than one solution. The solution found by Wilson gives correct results only, when the adsorbed amount is strictly proportional to the concentration of solute in the solvent.
